In this paper, a new definition for modal participation factors for nonlinear systems is proposed and used to obtain a formula for local mode-in-state participation factors. While the definition is general, the obtained formula depends on the assumption made regarding the distribution of the system initial condition. The definition extends work in the linear setting by Hashlamoun, Hassouneh and Abed (2009), and entails taking an average (or expectation) of a modal participation measure over an uncertain set of system initial conditions. As in the linear case, it is found that a symmetry assumption on the distribution of the initial state results in a tractable calculation and an analytical formula for mode-instate participation factors. While the dichotomy discovered in the linear case between mode-in-state participation factors and state-in-mode participation factors exists also in the nonlinear setting, specific calculations for state-in-mode participation factors is more involved than for mode-in-state participations, and is left for further work.
I. INTRODUCTION
Modal behavior of dynamic systems is of interest in many application areas, ranging from electric power networks to vibration of structures. Many approaches to modal analysis occur in the literature. For linear time invariant systems, modal content consists of the eigenmodes, and can be studied analytically. For nonlinear systems, the possibility of global oscillations gives rise to global oscillatory modes that aren't connected to the eigenmodes of the system's linearization at an equilibrium. In this paper, we focus on local modal analysis of nonlinear autonomous systems near an equilibrium, paying particular attention to the what can be viewed as eigenmodes at the equilibrium point of interest. Moreover, the aim of the paper is to extend the modal participation analysis pursued by Hashlamoun, Hassouneh and Abed [3] for linear systems to the nonlinear setting.
In the early 1980s, Verghese, Perez-Arriaga and Schweppe [8] , [9] introduced quantities they referred to as modal participation factors. These quantities have been used widely, especially in the electric power systems field. Recently, a new approach to modal participation analysis was presented in [3] . The idea of modal participation factors, which will be reviewed further in the next section, is to give measures of the relative contribution of system modes in system states, and of system states in system modes. In [3] , these measures are developed by taking an average over an uncertain set of system initial conditions. The idea is that fixing the system initial condition affects the modal participations, and that initial conditions are in reality uncertain and perhaps random. Moreover, noise can be viewed as having the effect of allowing the initial condition to be re-set over time, effectively allowing the initial condition to explore a neighborhood of an equilibrium point over a short time interval. A main conclusion of [3] is that there is a dichotomy in modal participation factors, so that participation factors measuring mode-in-state participation should be viewed as distinct from participation factors measuring state-in-mode participation. This dichotomy was not recognized prior to [3] , and the same formula was previously used to quantify both types of modal participation.
In [3] , it was found that analytical formulas for modein-state participation factors fell out of the analysis very nicely, under basic symmetry assumptions on the distribution of the initial state. However, even under similar symmetry assumptions, state-in-mode participation factors were not easy to calculate, and formulas that could be derived were more complicated than for the mode-in-state case.
Here, we give a partial extension of the work in [3] to the nonlinear setting, focusing on behavior near an equilibrium point. We are able to give an analysis and derivation of formulas for mode-in-state participation factors. The case of state-in-mode participation factors is found to be more challenging, and we provide some comments on the issues involved. Our results differ from these obtained in [5] , where modal participation for a nonlinear system was studied from a fixed initial state using Taylor series methods.
The remainder of the paper is organized as follows. In Section II, needed background material is recalled. In Section III, mode-in-state participation factors are derived for nonlinear systems in the vicinity of an equilibrium point, under a symmetry assumption on the uncertainty in the initial condition. In Section IV, the difficulty of performing similar calculations for state-in-mode participation analysis is discussed. Conclusions and issues for further research are discussed in Section V.
II. BACKGROUND

A. Participation Factors for Linear Systems
Let Σ L be the linear system
where x ∈ R n and A ∈ R n×n has n distinct eigenvalues λ i , i = 1 · · · n. The eigenvalues can be complex or real, and the assumption of distinctness leads to a simpler analysis, and is true commonly in many practical applications.
The system state x(t) is known to be a linear combination of exponential functions
where the vectors c i are determined by the system's initial condition x(0). These functions are the system modes and are useful in modal analysis of linear systems. 1) Participation Factors: Original Definition: Consider again the linear time-invariant system Σ L . Let r i be the right eigenvector of the matrix A associated with eigenvalue λ i , i = 1, · · · , n, and let i be the left (row) eigenvector of the A associated with the eigenvalue λ i , i = 1, · · · , n.
The right and left eigenvectors are taken to satisfy the normalization
where δ ij = 1 if i = j and δ ij = 0 if i = j. Given a linear systemẋ = Ax with initial condition x(0) = x 0 , its solution can be written as
The k−th state is given by
Using these facts and taking specific initial conditions, Verghese, Perez-Arriaga and Schweppe [8] , [9] introduced the following original definition for modal participation factors p ki :
In particular, the development first involved choosing the initial condition to be x 0 = e k , the unit vector on the kth coordinate axis. This led to the interpretation of the the quantities p ki as mode-in-state participation factors. Next, using a diagonalizing similarity transformation to focus on the system modes, and taking the initial condition to be x 0 = r k , the right eigenvector corresponding to λ i , motivated using the same quantities p ki as mode-in-state participation factors. This is the reason that it is very common in papers and books that discuss or apply modal participation factors to interchangeably refer to participation of modes in states and participation of states in modes, always using the same formula (6) . The authors of [8] , [9] also noted that the scalars p ki are dimensionless.
In [3] , simple examples were used to motivate rethinking how modal participation factors are defined. The examples showed that the formula (6) may fall short of giving results that are intuitively acceptable. More specifically, the examples indicated that there should be a dichotomy in modal participation factors. According to this reasoning, participation of modes in states should have different values than participation of states in modes. An alternative approach to defining modal participation factors was introduced. The new approach uses averaging (or probabilistic expectation) over the system initial state, which is taken to be an uncertain quantity. By taking this approach, the sought after dichotomy is indeed found to occur in the resulting new definitions of modal participation factors.
B. Participation Factors for Linear Systems: New Approach ([3])
The linear systemẋ = Ax
usually represents the small perturbation dynamics near an equilibrium. The initial condition for such a perturbation is usually viewed as being an uncertain vector of small norm. In [3] , new definitions of mode-in-state and state-inmode participation factors were given using deterministic and probabilistic uncertainty models for the initial condition. Definition 2.1: In the set-theoretic formulation, the participation factor measuring relative influence of the mode associated with λ i on state component x k is defined as
at t = 0, and "avg x 0 ∈S " is an operator that computes the average of a function over a set S ⊂ R n (representing the set of possible values of the initial condition
With a probabilistic description of the uncertainty in the initial condition x 0 , the average in (8) is replaced by a mathematical expectation: Definition 2.2: Suppose that the initial state vector x 0 is distributed according to a probability density function. Then the modal participation factor p ki measuring participation of mode i in the k-th state component x k is
where the expectation is evaluated using the assumed joint probability density function f (x 0 ) for the initial condition (of course, this definition applies only when the expectation exists). Both Definition 2.1 and Definition 2.2 result in a simple result that agrees with Eq. (6) under a symmetry assumption on the uncertainty in the initial condition. In the set-theoretic definition, the symmetry assumption is that the initial condition uncertainty set S is symmetric with respect to each of the hyperplanes {x k = 0}, k = 1, . . . , n. In the probabilistic setting of Definition 2.2 , the symmetry assumption is that the initial condition components x 0 1 , x 0 2 , . . . , x 0 n are independent random variables with marginal density functions that are symmetric with respect to x 0 k = 0, k = 1, 2, · · · , n, or are jointly uniformly distributed over a sphere centered at the origin. Under either the set-theoretic or probabilistic symmetry assumption, it was found in [3] that the same expression originally introduced by Perez-Arriaga, Verghese and Schweppe [8] , [9] results as a measure of mode-in-state participation factors:
(10)
C. State in Mode Participation Factors
Hashlamoun, Hassouneh and Abed [3] also gave similar set-theoretic and probabilistic definitions for state-in-mode participation factors for linear systems. The calculations were found to be less straightforward than for the modein-state participation factors setting, even under symmetry assumptions on the initial condition. We will not recall the details of the development of state-in-mode participation factors for linear systems from [3] . It will suffice to note the situation for the case of distinct real eigenvalues to have an idea of the results.
Definition 2.3: The participation factor of state x k in mode i is defined as
whenever this expectation exists with z 0
It has been shown in [3] that
Note that the first term in the expression for π ki coincides with p ki , the original participation factors formula. However, the second term does not vanish in general. This is true even when the components x 0 1 , x 0 2 , · · · , x 0 n representing the initial conditions of the state are assumed to be independent. Assuming that the units of the state variables have been scaled to ensure that the probability density function f (x 0 ) is such that the components x 0 1 , x 0 2 , . . . , x 0 n are jointly uniformly distributed over the unit sphere in R n centered at the origin, modal participation factors were evaluated in [3] using definition 2.3.
Definition 2.4: [3] Under the assumption that the initial condition has a uniform probability density on a sphere centered at the origin, the participation factor of state x k in mode i is
D. Poincaré Linearization
Consider a nonlinear ODĖ
where x ∈ R n and f is an analytic vector field on R n . Let A = ∂f ∂x | x=0 be the Jacobian of f at the origin.
Definition 2.5: ([1]) Given a matrix A ∈ R n×n with eigenvalues λ i , i = 1, · · · , n, we say that the n−tuple λ = (λ 1 , · · · , λ n ) is resonant if among the eigenvalues there exists a relation of the form
where m = (m 1 , · · · , m n ), m k ≥ 0, k m k ≥ 2. Such a relation is called a resonance. The number |m| := n k=1 m k λ k = λ s is called the order of resonance. Example. ([1] ) The relation λ 1 = 2λ 2 is a resonance of order 2; the relation 2λ 1 = 3λ 2 is not a resonance; the relation λ 1 + λ 2 = 0, or equivalently λ 1 = 2λ 1 + λ 2 , is a resonance of order 3. by a formal change of variable x = y + · · · (the dots denote terms in a power series starting with terms of degree greater than one). If the n−tuple λ = (λ 1 , · · · , λ n ) is resonant, we'll say that x m = x m1 1 · · · x mn n e s is resonant if λ s = (m, λ), |m| ≥ 2 with e i a vector in the eigenbasis of A and x i are the coordinates with respect to the basis e i . For example, for the resonance λ 1 = 2λ 2 , the unique resonant monomial is x 2 2 e 1 . For the resonance λ 1 + λ 2 = 0, all monomials (x 1 x 2 ) k x s e s are resonant [1] . 
by a formal change of variable x = y + · · · (the dots denote series starting with terms of degree greater than one), where all monomials in the series w are resonant. Theorem 2.3 (Poincaré-Siegel): Suppose the eigenvalues {λ i }, i = 1, · · · , n, of the linear part of an analytic vector field at an equilibrium point are non-resonant and either Re(λ i ) > 0, i = 1, · · · , n or Re(λ i ) < 0, i =, · · · , n, or the (λ i ) satisfy the Siegel condition, i.e. are such that there exists C > 0 and ν such that for all i = 1, · · · , n
for all m = (m 1 , · · · , m n ), where (m i ) are non-negative integers with |m| = n i=1 m i ≥ 2. Then the power series in Poincaré's Theorem converges on some neighborhood of the equilibrium point.
Remark. There are also some convergence results in the case of resonant eigenvalues; the reader is encouraged to consult [1] for further details on Poincaré linearization.
III. MODE-IN-STATE PARTICIPATION FACTORS FOR NONLINEAR SYSTEMS
with f ∈ C(R n ; R n ), f (0) = 0, and consider the Taylor expansion of f around the origiṅ
where A = ∂f ∂x | x=0 andf [2] represents terms of order 2. We have the following result.
Theorem 3.1: If the eigenvalues of A are nonresonant (resp. satisfy one of the conditions of the Poincaré-Siegel Theorem) then there exists a diffeomorphism that formally (resp. analytically) transforms the nonlinear ODE (21) into the linear ODE (26). In this case, the mode-in-state participation factors of (21) are the same as those of the linearized systemẋ = Ax.
Proof: First, we normalize A using the change of coordinates
where V = [r 1 r 2 · · · r n ] represents the matrix of right eigenvectors of A. Under the change of coordinates (23) the ODE (22) becomeṡ
Next, we normalize the higher order terms through the change of coordinates z = φ(z) = z +φ [2] (25) where φ ∈ C(R n ; R n ). Using Poincaré linearization, we know that if the eigenvalues of A are nonresonant, then there is a formal change of coordinates φ such that the trajectories of (21) are locally diffeomorphic to the trajectories oḟ z = Λz (26)
whose i−th component is
Using (25), we get z(t) = φ −1 (e Λt φ(z 0 )), which can be rewritten as
and z i (t) = e λit φ i (z 0 ) − φ T (z 0 )e Λ T t P i e Λt φ(z 0 ) + · · · (30) Using (23), we get
A. Linear Case:
In the linear case, we set all the P i = 0, in (25); we also set the higher order terms in the equation to zero. This gives
Then the participation of the e λit mode in the state x k (t) := avg e λ i t r i k i x0 x k (t) | t=0 = i k r i k (exactly as found previously in the linear case).
B. Nonlinear Case: P i = 0
In the nonlinear setting, the participation of e λit in x k (t) is obtained using the set-theoretic definition as follows 1 (quantities are evaluated at time t = 0):
Since φ i (z 0 ) = i x 0 + · · · , then j,m
(34) Hence, the participation of the mode e λit in x k (t) is
Again, perhaps somewhat surprisingly, the mode-in-state participation factor agrees with what one finds for the linearized system. a) Examples: Consider a nonlinear system whose linear part is from an example in [3] :
with Ψ a polynomial of order N ≥ 2. If a = m · d with m ∈ IN, then the eigenvalues of the matrix A 1 are nonresonant and, therefore, by the Poincaré theorem there exists a formal transformation that transforms (35) tȯ
Furthermore, if λ 1 = a and λ 2 = d satisfy one of the conditions of the Poincaré-Siegel Theorem, then the transformation is analytic. In both cases, the mode-in-state participation factors of (35) are locally equal to the modein-state participation factors of the linear system (36). A similar result holds for the nonlinear system whose linear part is from another example of [3] , namelẏ
with d = 1 (non-resonance condition) and Ψ is a polynomial of order N ≥ 2.
IV. REGARDING STATE-IN-MODE PARTICIPATION FACTORS FOR NONLINEAR SYSTEMS
where f ∈ C(R n ; R n ) is Lipschitz and f (0) = 0. Assume that the initial condition x 0 = x(0) follows a probability distribution function ρ 0 . Then the evolution of the density ρ 0 (x) through the dynamics (21) is given by using the Frobenius-Perron operator which, in the case of the dynamics (38), takes the form [4] ∂ρ ∂t + div(f ρ) = 0, ρ(x, 0) = ρ 0 (x).
More precisely, ρ(x, t) satisfies the PDE
(40) Following [3] , we would try to compute
where z 0 i is the value of the i-th mode at time t = 0 and x 0 k is the contribution of the k-th state component to the i-th mode at time t = 0. We assume that the pdf ρ(x, 0) which gives the probability law of x 0 k is available, and we calculateρ(x, t) which is the pdf of z i (t), evaluating this pdf at time t = 0. The problem then becomes one of finding the expectation of the ratio of two variables whose distributions are known. As in the linear setting, the state-in-mode participation factors require significantly more work to obtain. This problem is left for further work.
V. CONCLUSION
There is a dichotomy in modal participation for linear systems. Hence we expect a similar dichotomy for nonlinear systems. Participation of modes in states is relatively straightforward to evaluate using averaging over an uncertain set of initial conditions assuming symmetric uncertainty. Somewhat surprisingly, the mode-in-state participation formulas under these circumstances were found to be the same for a nonlinear system as for its linearization, assuming the non-resonance condition. Participation of states in modes for nonlinear systems is an open question, and its distinction from mode-in-state participation factors is part of the dichotomy in modal participation seen in the linear case. Besides calculation of state-in-mode participation factors, some other issues that could be considered in future work are: computing modal participation factors for nonlinear systems from data; studying the Frobenius-Perron operator for these measures; the equivalence of ODEs and SDEs as far as modal participation is concerned, and using SDEs to compute modal participation factors; and the possibility of using a homeomorphism instead of a diffeomorphism according the the Hartman-Grobman Theorem.
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